Optics

5.1 INTRODUCTORY REMARKS

The surface of an object that is either self-luminous or exter-
nally illuminated behaves as if it consisted of a very large
number of radiating point sources. Each of these emits spheri-
cal waves; rays emanate radially in the direction of energy
flow, that is, in the direction of the Poynting vector. In this
case, the rays diverge from a given point source S, whereas if
the spherical wave were collapsing to a point, the rays would
of course be converging. Generally, one deals only with a
small portion of a wavefront. A point from which a portion of
a spherical wave diverges, or one toward which the wave seg-
ment converges, is known as a focus of the bundle of rays.

Figure 5:1 depicts a point source in the vicinity of some
arrangement of reflecting and refracting surfaces representing
an optical system. Of the infinity of rays emanating from S,
generally speaking, only one will pass through an arbitrary
point in space. Even so, it is possible to arrange for an infinite
number of rays to arrive at a certain point P, as in Fig. 5.1. 1
for a cone of rays coming from S there is a corresponding cone
of rays passing through P, the system is said to be stigmatic
for these two points. The energy in the cone (apart from some
inadvertent losses due to reflection, scattering, and absorption)
reaches P, which is then referred to as a perfect image of S.
The wave could conceivably arrive to form a finite patch of
light, or blur spot, about P; it would still be an image of S but
no longer a perfect one.

It follows from the Principle of Reversibility (p. 109) that
a point source placed at P would be equally well imaged at S,
and accordingly the two are spoken of as conjugate points.
n an ideal optical system every point of a three-dimensional
region will be perfectly (or stigmatically) imaged in another

Geometrical

region, the former being the object space, the latter the
image space.

Most commonly, the function of an optical device is to col-
lect and reshape a portion of the incident wavefront, often with
the ultimate purpose of forming an image of an object. Notice
that inherent in realizable systems is the limitation of being
unable to collect all the emitted light; a system generally
accepts only a segment of the wavefront. As aresult, there will
always be an apparent deviation from rectilinear propagation
even in homogeneous media—the waves will be diffracted.
The attainable degree of perfection of a real imaging optical
system will be diffraction-limited (there will always be a blur
spot, p. 459). As the wavelength of the radiant energy decreas-
es in comparison to the physical dimensions of the optical sys-
tem, the effects of diffraction become less significant. . e
conceptual limit as Ao — 0, rectilinear propagation obta
homogeneous media, and we have the idealized do
Geometrical Optics.* Behavior that is specifically
able to the wave nature of light (e.g., interference and
tion) would no longer be observable. In many situatior
great simplicity arising from the approximation of G
cal Optics more than compensates for its inaccur
short, the subject treats the controlled manipulatio
fronts (or rays) by means of the interpositioning of
and/or refracting bodies, neglecting any diffractt

*Physical Optics deals with situations in which the nonzero
of light must be reckoned with. Analogously, when the de
length of a material object is negligible, we have Classical
when it is not, we have the domain of Quantum Mechanic




no doubt the most widely used optical device, and
even considering the fact that we see the world
pair of them. Human-made lenses date back at least
rning-glasses of antiquity, which, as the name
were used to start fires long before the advent of
In the most general terms, a lens is a refracting
discontinuity in the prevailing medium) that
a transmitted energy distribution. That much
her we are dealing with UV, lightwaves, IR,
diowaves, or even sound waves.

guration of a lens is determined by the required
1g of the wavefront it is designed to perform. Point
asic, and so it is often desirable to convert diverg-
Wwaves into a beam of plane waves. Flashlights,
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FIGURE 5.1 Conjugate foci. (@) A point source
S sends out spherical waves. A cone of rays
enters an optical system that inverts the wave-
fronts, causing them to converge on point P. (b)
In cross section rays diverge from S, and a por-
tion of them converge to P. If nothing stops the
light at P, it continues on.

projectors, and searchlights all do this in order to keep the
beam from spreading out and weakening as it progresses. In
just the reverse, it’s frequently necessary to collect incoming
parallel rays and bring them together at a point, thereby focus-
ing the energy, as is done with a burning-glass or a telescope
lens. Moreover, since the light reflected from someone’s face
scatters out from billions of point sources, a lens that causes
each diverging wavelet to converge could form an image of
that face (Fig. 5.2).

5.2.1 Aspherical Surfaces

To see how a lens works, imagine that we interpose in the path
of a wave a transparent substance in which the wave’s speed is
different than it was initially. Figure 5.3a presents a cross-sec-
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FIGURE 5.2 A person’s face, like everything else we ordinarily see
in reflected light, is covered with countless atomic scatterers.

tional view of a diverging spherical wave traveling in an inci-
dent medium of index n, impinging on the curved interface of
a transmitting medium of index n,. When #, is greater than n,,
the wave slows upon entering the new substance. The central
area of the wavefront travels more slowly than its outer
extremities, which are still moving quickly through the inci-
dent medium, These extremities overtake the midregion, con-
tinuously flattening the wavefront. If the interface is properly
configured, the spherical wavefront bends into a plane wave.
The alternative ray representation is shown in Fig. 5.35; the
rays simply bend toward the local normal upon entering the
more dense medium, and if the surface configuration is just
right, the rays emerge parallel.

To find the required shape of the interface, refer to Fig.
5.3c, wherein point A can lie anywhere on the boundary. One
wavefront is transformed into another, provided the paths
along which the energy propagates are all “equal,” thereby
maintaining the phase of the wavefront (p. 28). A little spheri-
cal surface of constant phase emitted from S must evolve into
a flat surface of constant phase at DD’. Whatever path the light
takes from S to DD, it must always be the same number of
wavelengths long, so that the disturbance begins and ends in-
phase. Radiant energy leaving S as a single wavefront must
arrive at the plane DD’, having traveled for the same amount
of time to get there, no matter what the actual route taken by
any particular ray. In other words, FiA/A; (the number of
wavelengths along the arbitrary ray from F to A) plus AD/A,
(the number of wavelengths along the ray from A to D) must
be constant regardless of where on the interface A happens to
be. Now, adding these and multiplying by Ao, yields

n; (FA) + n, (AD) = constant .1

FIGURE 5.3 A hyperbolic interface between air and glass. (a) The
wavefronts bend and straighten out. (b) The rays become parallel. ()
The hyperbola is such that the optical path from Sto A to D is the
same no matter where A is,

Each term on the left is the length traveled in a medium mul-
tiplied by the index of that medium, and, of course, each repre-
sents the optical path length OPL traversed. The optical path
lengths from S to DD” are all equal. If Eq. (5.1) is divided by c,
the first term becomes the time it takes to travel from S to A and
the second term, the time from A to D; the right side remains
constant (not the same constant, but constant). Equation (5.1) is
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equivalent to saying that all paths from § to DD’ must take the
same amount of time to traverse. _
Let us return to finding the shape of the interface. Divide
Eq. (5.1) by n;, and it becomes
n

E—A + (—t) AD = constant
. n;

(5.2)

R

This is the equation of a hyperbola in which the eccentricity
(e), which measures the bending of the curve, is given by
{(n/n)) > 1; that is, e = n,; > 1. The greater the eccentricity,
the flatter the hyperbola (the larger the difference in the
ndices, the less the surface need be curved). When a point
source is located at the focus F; and the interface between the
two media is hyperbolic, plane waves are transmitted into the
higher index material. It’s left for Problem 5.3 to establish that
when (n,/n;) < 1, the interface must be ellipsoidal. In each
case pictured in Fig. 5.4, the rays either diverge from or con-
rge toward a focal point, F. Furthermore, the rays can be
versed so that they travel either way; if a plane wave is inci-
nt (from the right) on the interface in Fig. 5.4¢, it will con-
rge (off to the left) at the farthest focus of the ellipsoid.
_The first person to suggest using conic sections as surfaces
¢ lenses and mirrors was Johann Kepler (1611), but he

5.4 (a) and (b) Hyperboloidal and (c) and (d) ellipsoidal refracting surfaces (ny > ny) in cross section.
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wasn’t able to go very far with the idea without Snell’s Law.
Once that relationship was discovered, Descartes (1637) using
his Analytic Geometry could develop the theoretical founda-
tions of the optics of aspherical surfaces. The analysis present-
ed here is in essence a gift from Descartes.

It’s an easy matter now to construct lenses such that both
the object and image points (or the incident and emerging
light) will be outside of the medium of the lens. In Fig. 5.5a
diverging incident spherical waves are made into plane waves
at the first interface via the mechanism of Fig. 5.4a. These
plane waves within the lens strike the back face perpendicular-
ly and emerge unaltered: 6; = 0 and 6, = 0. Because the rays
are reversible, plane waves incoming from the right will con-
verge to point F;, which is known as the focal point of the lens.
Exposed on its flat face to the parallel rays from the Sun, our
rather sophisticated lens would serve nicely as a burning-glass.

In Fig. 5.5b, the plane waves within the lens are made to
converge toward the axis by bending at the second interface.
Both of these lenses are thicker at their midpoints than at their
edges and are therefore said to be convex (from the Latin con-
vexus, meaning arched). Each lens causes the incoming beam
to converge somewhat, to bend a bit more toward the central
axis; therefore, they are referred to as converging lenses.




"FIGURE 5.5 (q), (b), and (c) Several hy
ic lenses seen in cross section, To explore a
ellipscidal lens see Problem 5.4. (d) A selech

of aspherical lenses. (Photo courtesy Melles
Griot.)
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In contrast, a concave lens (from the Latin concavus,
meaning hollow—and most easily remembered because it
contains the word cave) is thinner in the middle than at the
edges, as is evident in Fig. 5.5¢. It causes the rays that enter as
a parallel bundle to diverge. All such devices that turn rays
_-OUtward away from the central axis (and in so doing add diver-
gence to the beam) are called diverging lenses. In Fig. 5.5c¢,
Parallel rays enter from the left and, on emerging, seem to

diverge from Fy; still, that point is taken as a focal point.
When a parallel bundle of rays passes through a converg-
ing lens, the point to which it converges (or when passing
through a diverging lens, the point from which it diverges)
is a focal point of the lens.

If a point source is positioned on the central or optical axis
at the point F; in front of the lens in Fig. 5.5b, rays will con-
verge to the conjugate point F,. A luminous image of the
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source would appear on a screen placed at F,, an image that is
therefore said to be real. On the other hand, in Fig. 5.5¢ the
point source is at infinity, and the rays emerging from the sys-
tem this tinie are diverging. They appear to come from a point
F,, but no actual luminous image would appear on a screen at

" that location. The image here is spoken of as virtual, as is the

~ familiar image generated by a plane mirror.

Optical elements (lenses and mirrors) of the sort we have
talked about, with one or both surfaces neither planar nor
spherical, are referred to as aspherics. Although their opera-
tion is easy to understand and they perform certain tasks
exceedingly well, they are still difficult to manufacture with
great accuracy. Nonetheless, where the costs are justifiable or
e required precision is not restrictive or the volume produced
large enough, aspherics are being used and will surely have
 increasingly important role. The first quality glass aspheric
be manufactured in great quantities (tens of millions) was a
lens for the Kodak disk camera (1982). Today aspherical lens-
are frequently used as an elegant means of correcting imag-
rrors in complicated optical systems.

new generation of computer-controlled machines,
sric generators, is producing elements with tolerances
departures from the desired surface) of better than 0.5
0,000 020 inch). This is still about a factor of 10 away
the generally required tolerance of A /4 for quality optics,
will surely come in time. Nowadays aspherics made in
and glass can be found in all kinds of instruments
e whole range of quality, including telescopes, pro-
ameras; and reconnaissance devices.

Refraction at Spherical Surfaces

wo pieces of material, one with a concave and the

vex spherical surface, both having the same radius.

property of the sphere that such pieces will fit

intimate contact regardless of their mutual orienta-

1 we take two roughly spherical objects of suitable
ne a grinding tool and the other a disk of glass,

m with some abrasive, and then randomly move
pect to each other, we can anticipate that any
either object will wear away. As they wear, both
adually become more spherical (Fig. 5.6). Such
commonly generated in batches by automatic
polishing machines.

singly, the vast majority of quality lenses in use
tfaces that are segments of spheres. Our intent
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FIGURE 5.6 Polishing a spherical lens. (Photo courtesy Optical
Society of America.)

here is to establish techniques for using such surfaces to simul-
taneously image a great many object points in light composed
of a broad range of frequencies. Image errors, known as aber-
rations, will occur, but it is possible with the present technol-
ogy to construct high-quality spherical lens systems whose
aberrations are so well controlled that image fidelity is limited
only by diffraction.

Figure 5.7 depicts a wave from the point source S imping-
ing on a spherical interface of radius R centered at C. The

FIGURE 5.7 Refraction at a spherical interface. Conjugate foci.
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point Vis called the vertex of the surface. The length s, = SV
is known as the object distance. The ray SA will be refracted
at the interface toward the local normal (1, > n;) and there-
fore toward the central or optical axis. Assume that at some
point P the ray will cross the axis, as will all other rays inci-
dent at the same angle 6; (Fig. 5.8). The length s; = VPis the
image distance. Fermat’s Principle maintains that the optical
path length OPL will be stationary; that is, its derivative with
respect to the position variable will be zero. For the ray in
question,

OPL = nlfo + n2€i (53)

Using the law of cosines in triangles SAC and ACP along with
the fact that cos ¢ = —cos(180° — ¢), we get

€, = [R* + (s, + R)* — 2R(s, + R) cos ¢]'/2
and €= [R*+ (5; = R + 2R(s; — R) cos ¢]*/2
The OPL can be rewritten as
OPL = m[R® + (s, + R)* = 2R(s, + R) cos ¢]'/2
+ m[R* + (s; — R)> + 2R(s; — R) cos ]/
All the quantities in the diagram (s;, s,, R, etc.) are positive

numbers, and these form the basis of a sign convention which
is gradually unfolding and to which we shall return time and

FIGURE 5.8 Rays incident at the same angle

Table 5.1 Sign Convention for Spherical Ref
ing Surfaces and Thin Lenses* (Light Entering f

the Left)

So» fo + left of V

%o + left of F,

S Ji + right of V

X; + right of F;

R + if C is right of V
Yo» Vi + above optical axis

i

*This table anficipates the imminent introduction of a few quanti
yet spoken of.

again (see Table 5.1). Inasmuch as the point-A moves at
end of a fixed radius (i.e., R = constant), ¢ is the position v
able, and thus setting d(OPL)/de = 0, via Fermat’s Princip
we have ‘

niR(s, + R) sin ¢ _ noR(s; — R)sin ¢ -0
2¢, 2¢;

(54

from which it follows that

n1+n2_1 NS ngs,

b 6 R\ & &
This is the relationship that must hold among the paramete
for a ray going from S to P by way of refraction at the spheri
cal interface. Although this expression is exact, it is rathe;
complicated. If A is moved to a new location by changing
the new ray will not intercept the optical axis at P. (See Prob
lem 5.1 concerning the Cartesian oval which is the interface
configuration that would bring any ray, regardless of ¢, to P.).
The approxirhations that are used to represent £, and €, and ’

thereby simplify Eq. (5.5), are crucial in all that is to follow.
Recall that

2 4 6
=1, % ¢ _ ..
cos o =1 o] + AT 6 + (5.6)
3 5 7
no=ep-24+% _ ¢ .. '
and sin g = ¢ 3l + F—-T + 5.7

If we assume small values of ¢ (i.e., A close to V), cos ¢ =~ 1.
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Consequently, the expressions for €, and ¢, yield €, =~ s,,
£; = 5;, and to that approximation -

(5.8

We could have begun this derivation with Snell’s Law rather
han Fermat’s Principle (Problem 5.5), in which case small
values of ¢ would have led to sin ¢ =~ ¢ and Eq. (5.8) once
again. This approximation delineates the domain of what is
ed first-order theory; we’ll examine third-order theory (sin
@ — ¢°/3!) in the next chapter. Rays that arrive at shal-
angles with respect to the optical axis (such that ¢ and A
appropriately small) are known as paraxial rays. The
rging wavefront segment corresponding to these paraxial
s essentially spherical and will form a “perfect” image.
s center P lc?cated at s;. Notice that Eq (5.8) is indepen- FIGURE 5.9 Plane waves propagating beyond a spherical inter-
of the location of A over a small area about the symmetry  fycethe object focus.
axis, namely, the paraxial region. Gauss, in 1841, was the first
a systematic exposition of the formation of images
he above approximation, and the result is variously Defining the second or image focal length f; as equal to s; in
n as first-order, paraxial, or Gaussian Optics. It soon this special case (Fig. 5.10), we have
‘the basic theoretical tool by which lenses would be
gned for several decades to come. If the optical system is
corrected, an incident spherical wave will emerge in a
ry closely resembling a spherical wave. Consequently,
perfection of the system increases, it more closely
es first-order theory. Deviations from that of paraxi-
s will provide a convenient measure of the quality of
al optical device.
oint F, in Fig. 5.9 is imaged at infinity (s; = ), we

(5.10)

1
1
]
'
t
1
'
L‘

i

e L2 M7 M : FIGURE 5.10 The reshaping of plane into spherical waves at a

oS S; R spherical interfuce—the image focus.




FIGURE 5.11 A virtual image point.

Recall that an image is virtual when the rays diverge from
it (Fig. 5.11). Analogously, an object is virtual when the rays
converge toward it (Fig. 5.12). Observe that the virtual object
is now on the right-hand side of the vertex, and therefore s,
will be a negative quantity. Moreover, the surface is concave,
and its radius will also be negative, as required by Eq. (5.9),
since f, would be negative. In the same way, the virtual image
distance appearing to the left of Vis negative.

5.2.3 Thin Lenses

Lenses are made in a wide range of forms; for example, there
are acoustic and microwave lenses; some of the latter are made
of glass or wax in easily recognizable shapes, whereas others
are far more subtle in appearance (Fig. 5.13). Most often a lens
has two or more refracting interfaces, and at least one of these
is curved. Generally, the nonplanar surfaces are centered on a
common axis. These surfaces are most frequently spherical
segments and are often coated with thin dielectric films to con-
trol their transmission properties (see Section 9.9).

FIGURE 5.12 A virfual object point.

FIGURE 5.13 A lens for shortwavelength radiowaves. The disk
serve to refract these waves much as rows of atoms refract light.
(Photo courtesy Optical Society of America.)

A lens that consists of one element (i.e., it has only two.
refracting surfaces) is a simple lens. The presence of more than
one element makes it a compound lens. A lens is also classi
fied as to whether it is thin or thick—that is, whether or not its
thickness is effectively negligible. We will limit ourselves, for
the most part, to centered systems (for which all surfaces are.
rotationally symmetric about a common axis) of spherical sur-
faces. Under these restrictions, the simple lens can take the
forms shown in Fig. 5.14.

Lenses that are variously known as convex, converging, ot
positive are thicker at the center and so tend to decrease the
radius of curvature of the wavefronts. In other words, the wave
converges more as it traverses the lens, assuming, of course,
that the index of the lens is greater than that of the media in
which it is immersed. Concave, diverging, or negative lenses,
on the other hand, are thinner at the center and tend to advance
that portion of the wavefront, causing it to diverge more than
it did upon entry.
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 large for a fixed (ny — n;)/R, s; is relatively small.
eases, 5; moves away from the vertex; that is, both 6;
ase until finally s, = f, and s5; = o, At that point,
“n1)/R, so that if 5, gets any smaller, s; will have
fEq. (5.8) is to hold. In other words, the image
1al (Fig. 5.15).

w locate the conjugate points for a lens of index n;
y a medium of index 7, as in Fig. 5.16, where
as simply been ground onto the piece in Fig.
ertainly isn’t the most general set of circum-
is the most common, and even more cogently, it
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FIGURE 5.14 Cross sections of various centered
spherical simple lenses. The surface on the left is #1
since it is encountered first. Its radius is Ry. (Photo cour-
tesy of Melles Griot.)

is the simplest.* We know from Eq. (5.8) that the paraxial rays
issuing from § at s,; will meet at P’, a distance, which we now
call s;1, from Vi, given by

'fﬂr+_”L=£l_’Lﬁ'.n_ (5_11)
So1 Si R;

Thus, as far as the second surface is concerned, it “sees” rays
coming toward it from P’, which serves as its object point a
distance s,, away. Furthermore, the rays arriving at that sec-
ond surface are in the medium of index n;. Thus the object
space for the second interface that contains P’ has an index n;.
Note that the rays from P’ to that surface are indeed straight
lines. Considering the fact that '

soa] = |sn| +d

*See Jenkins and White, Fundamentals of Optics, p. 57, for a deriva-
tion containing three different indices. '
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(a)

(b)

(c)

FIGURE 5.15 Refraction at a spherical interface between two
fransparent media shown in cross section,

since s, is on the left and therefore positive, 5,5 = [5,5], and s;;
is also on the left and therefore negative, —85p = ]s,-ll, we have

So2 = — 8y +d (512)
Thus at the second surface Eq. (5.8) yields.
L T Py (5.13)

(=sp+d) s R,

Here n; > n,, and R, <0, so that the right-hand side is posi-
tive, Adding Egs. (5.1 1) and (5.13), we have

n,, Ao 1 1 nd
PRk (RN ] PR I S AR
So1  Sp s ) R R, (i1 — d)syy 614

If the lens is thin enough (d — 0), the last term on the right is
effectively zero. As a further simplification, assume the sur-
rounding medjum to be air (e, n, = 1). Accordingly, we

FIGURE 5.16 A spherical lens. (@) Rays in a vertical plane passing
through a lens, Conjugate foci. (b) Refraction at the interfaces. The
radius drawn from C; is normal fo the first surface, and as the ray
enters the lens it bends down toward that normal. The radius from C,
is normal to the second surface; and as the ray emerges, since n; >
N, the ray bends down away from that normal. (¢) The geometry.
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have the very useful Thin-Lens Equatlon often referred to as
the Lensmaker’s Formula:

(5.15)

where we let s,; = s, and s, = s;. The points V; and V, tend
'to coalesce as d — 0, so that s, and s; can be measured from
_either the vertices or the lens center.

Just as in the case of the single spherical surface, if s, is
moved out to infinity, the image distance becomes the focal
ength f;, or symbolically,

im s;=f;
Jim s = f;
lim s, =

oy 4 fo

evident from Eq. (5.15) that for a thin lens f, = f,, and
equently we drop the subscripts altogether. Thus

(5.16)

(5.17)

is the famous Gaussian Lens Formula (Fig. 5.17).
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As an example of how these expressions might be used,
let’s compute the focal length in air of a thin planar-convex
lens having a radius of curvature of 50 mm and an index of
1.5. With light entering on the planar surface (R; = «, R, =

—30 1 1
']‘C‘_ (15 - 1)(-*——5’6>

whereas if instead it arrives at the curved surface (R; = +50,

RZ:OO)s
1 1 1
?““5““<T56“;>

and in either case f = 100 mm. If an object is alternately
placed at distances 600 mm, 200 mm, 150 mm, 100 mm, and
50 mm from the lens on either side, we can find the image
points from Eq. (5.17):

_ Sof _ ._ (600)(100)
=, T 600 - 100

“and §; = 120 mm. Similarly, the other image distances are 200

mm, 300 mm, %, and — 100 mm, respectively.

Interestingly enough, when s, = %, 5; = f; as s, decreases,
5; increases positively until s, = fand s, is negative thereafter.
You can qualitatively check this out with a simple convex lens
and a small electric light—the high-intensity variety is proba-

FIGURE 5.17 The actual wavefronts of a diverg-
ing lightwave partially focused by a lens. The photo
shows five exposures, each separated by about
100 ps (i.e., 100 X 107'25), of a spherical pulse
10 ps long as it swept by and through a converg-
ing lens. The picture was made by Nils Abramson
using a holographic technique.(Courfesy of

N.H. Abramson)
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bly the most convenient. Standing as far as you can from the
source, project a clear image of it onto a white sheet of paper.
You should be able to see the lamp quite clearly and not just as
a blur. That image distance approximates . Now move the
lens in toward S, adjusting s; to produce a clear image. It will
surely increase. As s, — f, a clear image of the lamp can be
projected, but only on an increasingly distant screen. For 5, <
, there will just be a blur where the farthest wall intersects the
diverging cone of rays—the image is virtual.

FocaL PoiNTs AND PLANES

Figure 5.18 summarizes pictorially some of the situations

described analytically by Eq. 5.16. Observe that if a lens of
index n, is immersed in a medium of index Py

The focal lengths in (a) and (b) of Fig. 5.18 are equal, b
the same medium exists on either side of the lens, Since
My, it follows that n, > 1. In both cases R; > 0 and R
so that each focal length is positive, We have a real obj
(a) and a real image in (b). In (c), n, < My, and conseque
is negative. In (d) and (€), > 1 but Ry < 0, whereas R
0, so fis again negative, and the object in one case an
image in the other are virtual. In (f) ny, < 1, yielding
f>0.
Notice that in each instance it is particularly convenien
draw a ray through the center of the lens, which, because
perpendicular to both surfaces, is undeviated; Suppc
instead, that an off-axis paraxial ray emerges from the )t
parallel to its incident direction, as in Fig. 5.19. We main
that all such rays will pass through the point defined as
optical center O of the lens. To see this, draw two paralle]l
planes, one on each side tangent to the lens-at dny pair
points A and B. This can easily be done by selecting 4 and’

(® ()

FIGURE 5,18 Focdl lengths for converging and diverging lenses.
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.19 The optical center of a lens. (E.H.)

e radii AC, and BC, are themselves parallel. It is to
that the paraxial ray traversing AB enters and leaves
the same direction. It’s evident from the diagram
gles AOC, and BOC, are similar, in the geometric
therefore their sides are proportional. Hence,
Rzl(bfﬂ, and since the radii are constant, the
is constant, independent of A and B. As we saw
m 4.30 and Fig. P.4.30), a ray traversing a medi-
Vy,parallel planes will be displaced laterally but
angular deviation. This displacement is propor-
ickness, which for a thin lens is negligible. Rays
gh O may, accordingly, be drawn as straight
tomary when dealing with thin lenses simply to
way between the vertices.
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Recall that a bundle of parallel paraxial rays incident on a
spherical refracting surface comes to a focus at a point on the
optical axis (Fig. 5.11). As shown in Fig. 5.20, this implies
that several such bundles entering in a narrow cone will be
focused on a spherical segment o, also centered on C. The
undeviated rays normal to the surface, and therefore passing
through C, locate the foci on ¢. Since the ray cone must indeed
be narrow, ¢ can satisfactorily be represented as a plane nor-
mal to the symmetry axis and passing through the image
focus. It is known as a focal plane. In the same way, limiting
ourselves to paraxial theory, a lens will focus all incident par-
allel bundles of rays* onto a surface called the second or back
focal plane, as in Fig. 5.21. Here each point on o is located by
the undeviated ray through O. Similarly, the first or front
focal plane contains the object focus F,.

FiniTe IMAGERY

Thus far we’ve treated the mathematical abstraction of a sin-
gle-point source. Now let’s deal with the fact that a.great many
such points combine to form a continuous finite object (Fig.
5.2). For the moment, imagine the object to be a segment of a

FIGURE 5.20 Focusing of several ray bundles.

*Perhaps the earliest literary reference to the focal properties of a
lens appears in Aristophanes’ play, The Clouds, which dates back to
423 s.c.k. In it Strepsiades plots to use a burning-glass to focus the
Sun’s rays onto a wax tablet and thereby melt out the record of @
gambling debt.




FIGURE 5.21 The focal plane of a lens, _

sphere, o, centered on C, as in Fig. 522, If o, is close to the
spherical interface, point § will have a virtual image P
(5; < 0 and therefore on the left of V). With S farther away, its
image will be real (s: > 0 and therefore on the right-hand
side). In either case, each point on ¢, has a conjugate point on
0; lying on a straight line through C. Within the restrictions of
paraxial theory, these surfaces can be considered planar. Thus
a small planar object normal to the optical axis will be imaged
into a small planar region also normal to that axis. Note that if
0, 1s moved out to infinity, the cone of rays from each source
point will become collimated (i.e., parallel), and the image
points will lie on the focal plane (Fig. 5.21).

By cutting and polishing the right side of the piece depict-
ed in Fig, 5.22, we can construct a thin lens. Once again, the
image (o; in Fig. 5.22) formed by the first surface of the lens
will serve as the object for the second surface, which in turn
will generate a final image. Suppose then that o;in Fig. 5.22q
is the object for the second surface, which is assumed to have
a negative radius. We already know what will happen—the
situation is identical to Fig. 5.22b with the ray directions
reversed. The final image Jormed by a lens of a small planar
object normal to the optical axis will itself be a small plane
normal to that axis.

The location, size, and orientation of an image produced by
a lens can be determined, particularly simply, with ray dia-
grams. To find the image of the object in Fig, 5.23, we must
locate the image point corresponding to each object point,

Since all rays issuing from a source point in a paraxia]
will arrive at the image point any two such rays will suff;
fix that point. Because we know the positions of the
points, there are three rays that are especially easy to a
Two of these make use of the fact that a ray passing thr
the focal point will emerge from the lens parallel to the (
axis and vice versa; the third is the undeviated ray throug]
center of the lens O. Figure 5.24 shows how any two of t
three rays locate the image of a point on the object. Incide
ly, this technique dates back to the work of Robert Smit
long ago as 1738,
This graphical procedure can be made even simple
replacing the thin lens with a plane passing through its ce
(Fig. 5.25). Presumably, if we were to extend every incor
ray forward a little and every outgoing ray backward a
each pair would meet on this plane. The total deviation of
ray can be envisaged as occurring all at once ‘on that pl
This is equivalent to the actual process consisting of two e
arate angular shifts, one at each interface, (As we’ll see la

(b)

FIGURE 5.22 Finjte imagery.




3. Tracing a few key rays through a positive and nega-

5.2 lenses 163

this is tantamount to saying that the two principal planes of a
thin lens coincide.) :

In accord with convention, transverse distances above the
optical axis are taken as positive quantities, and those below
the axis are given negative numerical values. Therefore in Fig.
5.25y, > 0 and y; < 0. Here the image is said to be inverted,
whereas if y; > 0 when y, > 0, it is right-side-up or erect.
Observe that triangles AOF; and P,PF; are similar. Ergo

Yo f
—_—= 5.19
bl ~ G- G5
Similarly, triangles S,5,0 and P,P,0 are similar, and
o SO
I%T == (5.20)

where all quantities other than y; are positive, Hence

5o f
_— = 5.21
s (=1 621
‘ 1 1 1
and ?—;—l‘;

which is, of course, the Gaussian Lens Equation [Eq. (5.17)].
Furthermore, triangles S,S,F, and BOF, are similar and

@iﬁz% o2

Using the distances measured from the focal points and com-
bining this information with Eq. (5.19), leads to

(5.23)

This is the Newtonian form of the lens equation, the first
statement of which appeared in Newton’s Opticks in 1704.
The signs of x, and x; are reckoned with respect to their con-
comitant foci. By convention, x, is taken to be positive left of
F,, whereas x; is positive on the right of F,. It is evident from
Eq. (5.23) that x,, and x; have like signs, which means that the
object and image must be on opposite sides of their respective
Jocal points. This is a good thing for the neophyte to remem-
ber when making those hasty freehand ray diagrams for which
he or she is already infamous.
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: (@
FIGURE 5.24 (a) A real object and a positive lens.
(b) A real object and a negative lens. (c) A real image
projected on the viewing screen of a 35-mm camera,
much as the eye projects its image on the refina. Here
a prism has been removed so you can see the image
directly. (E.H.) (d) The minified, right-side-up, virtual
image formed by a negative lens.

The ratio of the transverse dimensions of the final image  Or from Eq. (5.20)
formed by any optical system to the corresponding dimension
of the object is defined as the lateral or transverse magnifi-
cation, My, that is,

(5.25)

(5.24) Thus a positive My connotes an erect image, while a negative
value means the image is inverted (see Table 5.2). Bear in




FIGURE 5.25 Object and image location for a thin lens.

nd that s5; and s, are both positive fpr real objects and
ges. Clearly, then, all real images formed by a single thin
will be inverted. The Newtonian expression for the mag-

7 . (5.26)
m magmfzcatzon is a misnomer, since the magnitude of
n certainly be less than 1, in which case the image is
ller than the object. We have My = —1 when the object
ge distances are positive and equal, and that happens
1] only when s, = s; = 2f. This turns out to be the

Virtual object
Virtual image
Diverging lens
Inverted object
Inverted image
Inverted image

Real object
Real image
Converging lens
Erect object
Erect image
Erect image
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Table 5.3 Images of Real Objects Formed by
Thin Lenses

Convex
Object Image
Location Type Location Orientation Relative Size
©>s5,>2f | Real f<s5;<2f Inverted Minified
S, = 2f Real 8 =2f Inverted Same size
F<s,<2f | Real ®>g; > 2f Inverted Magnified
o=F *oo
5, < f Virtnal || > s, EBrect Magnified
Concave
Object Image
Location Type Location Orientation Relative Size
Anywhere Virwal |s;f <|fl,  Brect Minified
50> 5]

configuration in which the object and image are as close
together as they can possibly get (i.e., a distance 4f apart; see
Problem 5.11). Table 5.3 summarizes a number of image con-
figurations resulting from the juxtaposition of a thin lens and a
real object.

We are now in a position to understand the entire range of
behavior of a single convex or concave lens. To that end, sup-
pose that a distant point source sends out a cone of light that is
intercepted by a positive lens (Fig, 5.26). If the source is at
infinity (i.e., so far away that it might just as well be infinity),
rays coming from it entering the lens are essentially parallel
(Fig. 5.26a) and will be brought together at the focal point F;.
If the source point S, is closer (Fig. 5.26b), but still fairly far
away, the cone of rays entering the lens is narrow, and the rays
come in at shallow angles to the surface of the lens. Because
the rays do not diverge greatly, the lens bends each one into
convergence, and they arrive at point P;. As the source moves
closer, the entering rays diverge more, and the resulting image
point moves farther to the right. Finally, when the source point
is at F,, the rays are diverging so strongly that the lens can no
longer bring them into convergence, and they emerge parallel
to the central axis. Moving the source point closer results in
rays that diverge so much on entering the lens that they still




FIGURE 5.26 (a) The waves from a distant object flatten out as they expand, and the

radii get larger and larger. Viewed from far away the rays from any point are essentially
parallel, and the lens causes them to converge at F;. (b) As a point source moves closer, the rays
diverge more and the image point moves out away from the lens. The emerging rays no

longer converge once the object reaches the focal point; nearer in still, they diverge.

diverge on leaving. The image point is now virtual—there are
no real images of objects at or closer in than J. Figure 5.27
illustrates the behavior pictorially. As the object approaches
the lens, the real image moves away from it.

It’s useful to remember that the ray entering the lens paral-
lel to the central axis fixes the height of the real image (Fig.
5.28). Because that ray diverges from the central axis, the size
of the image increases rapidly as the object approaches F.
Note, too, that the transformation from object to image space
is not linear; all of the object space from 2f out to infinity, on
the left of the lens, is compressed in the image space between

Jand 2f, on the right of the lens. Figure 5.28 suggests that the
image space is distorted, in the sense that advancing the object
uniformly toward the lens has the effect of changing the image
differently along and transverse to the central axis, The axial
image intervals increase much more rapidly than the corre-
sponding successive changes in the height of the image. This

relative “flattening” of distant-object space is easily observ- ,
able using a telescope (i.e., a long focal-length lens). You've
probably seen the effect in a motion picture shot through a
telephoto lens. Always staying far away, the hero vigorously
runs a great distance toward the camera, but psychologically
he seems to make no progress because his perceived size
increases very little despite all his effort,

Presumably, the image of a three-dimensional object will
itself occupy a three-dimensional region of space. The optical
system can apparently affect both the transverse and longitu-
dinal dimensions of the image. The longitudinal magnifica-
tion, M;, which relates to the axial direction, is defined as

dx;
dx,

This is the ratio of an infinitesimal axial length in the region of
the image to the corresponding length in the region of the

I

M, (5.27)




(®)

(d)
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object. Differentiating Eq. (5.23) leads to
My =—"5=—M; (5.28)

for a thin lens in a single medium (Fig. 5.29). Evidently, M <
0, which implies that a positive dx, corresponds to a negative
dx; and vice versa. In other words, a finger pointing toward the
lens is imaged pointing away from it (Fig. 5.30).

Form the image of a window on a sheet of paper, using a
simple convex lens. Assuming a lovely arboreal scene, image
the distant trees on the screen. Now move the paper away from
the lens, so that it intersects a different region of the image
space. The trees will fade while the nearby window itself
comes into view.

THIN-LENS COMBINATIONS

Our purpose here is not to become proficient in the intricacies
of modern lens design, but rather to gain the familiarity neces-
sary to utilize, and adapt those lens systems already available
commercially.

In constructing a new optical system, one generally begins
by sketching out a rough arrangement using the quickest
approximate calculations. Refinements are then added as the
designer goes on to the prodigious and more exact ray-tracing
techniques. Nowadays these computations are most often car-
ried out by computers. Even so, the simple thin-lens concept

- provides a highly useful basis for preliminary calculations in a

broad range of situations.

No lens is actually a thin lens in the strict sense of having a
thickness that approaches zero. Yet many simple lenses, for all
practical purposes, function in a fashion equivalent to that of a
thin lens (i.e., one that is thin in comparison to its diameter).
Almost all spectacle lenses (which, by the way, have been
used at least since the thirteenth century) are in this category.
‘When the radii of curvature are large and the lens diameter is
small, the thickness will usually be small as well. A lens of
this sort would generally have a large focal length, compared
with which the thickness would be quite small; many early
telescope objectives fit that description perfectly.

‘We will now derive expressions for parameters associated
with thin-lens combinations. The approach will be fairly sim-
ple, leaving the more elaborate traditional treatment for those
tenacious enough to pursue the matter into the next chapter.
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f & f a(c
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FIGURE 5.29 The transverse magnification is different from the lon-
gitudinal magnification.

Consider two thin positive lenses L; and L, separated by a
distance d, which is smaller than either focal length, as in Fig.
5.31. The resulting image can be located graphically as fol-
lows. Overlooking L, for a moment, construct the image
formed exclusively by L, using rays 1 and 3. As usual, these
pass through the lens object and image foci, F,; and Fiq,
respectively. The object is in a normal plane, so that two rays
determine its top, and a perpendicular to the optical axis finds
its bottom. Ray 2 is then constructed running backward from
P17 through O,. Insertion of L, has no effect on ray 2, whereas

FIGURE 5.30 Image orientation for a thin lens.

ray 3 is refracted through the image focus Fy, of L,. The inter-
section of rays 2 and 3 fixes the image, which in this particu-
lar case is real, minified, and inverted. When the two lenses
are close together, as they are here, the presence of L, essen-
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FIGURE 5.31 Two thin lenses separated by
a distance smaller than either focal length.

y adds convergence (f; > 0) or divergence (f, < 0) to the
e of rays emerging from L; see Fig. 5.32.

imilar pair of lenses is illustrated in Fig. 5.33, in which
aration has been increased. Once again rays 1 and 3
h F;; and F,, fix the position of the intermediate image
ed by L, alone. As before, ray 2 is drawn backward
to P{ to S;. The intersection of rays 2 and 3, as the lat-
fracted through Fj,, locates the final image. This time
1 and erect. Notice that if the focal length of L, is
d.with all else constant, the size of the image increas-
well,

alytically, for L,

1 1 1
—_—=— - 5.29
sp N So1 ( )
SoLfi
S == 5.30
! So1 _fl ( )

positive, and the intermediate image is to the right of
So1 > f1and f; > 0. For L,

So2 =d — sy (5.31)
and if d > s;, the object for L, is real (as in Fig, 5.33), where-
as if d < sy, it is virtual (s, < 0, as in Fig. 5.31). In the for-
mer instance the rays approaching L, are diverging from P/,
whereas in the latter they are converging toward it. Further-
more,

L N
sp fa So2
or Sy = So2fo
f So2 — f2
Using Eq. (5.31), we obtain
d—-s)p
Spp = ————— (5.32)
2 @d-su— )

In this same way we could compute the response of any num-
ber of thin lenses. It will often be convenient to have a single
expression, at least when dealing with only two lenses, so sub- -
stituting for s;; from Eq. (5.29),
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FIGURE 5.32

(a) The effect of placing a second lens, Ly, within the
focal length of o positive lens, L;. (b) When L, is positive, its pres-
ence adds convergence fo the ray bundle. (c) When L, is negative, it
adds divergence fo the ray bundle.

i 5.33
d=Fs = s fu/Gor = 10 633

Here s,, and Sp are the object and image distances, respec-
tively, of the compound lens. As an example, let’s compute
the image distance associated with an object placed 50.0 cm
from the first of two positive lenses. These in turn are separat-
ed by 20.0 cm and have focal lengths of 30.0 cm and 50,0 cm,

respectively. By direct substitution

_ 50(20) = 50(50) (30)/(50 — 30) _ 262
20 — 50 — 50(30)/(50 — 30) =

i2

and the image is real. Tnasmuch as L, “magnifies” the i
mediate image formed by L,, the total transverse magnif
tion of the compound lens is the product of the indivig
magnifications, that is,

My = My My,

It is left as Problem 5.31 to show that w

flSiz
Mp=——22
T s~ f) — sufy

In the above éXample

30(26.2) _
~20(50 — 30) — 50(30)
and just as we should have guessed from Fig. 5.31, the imagy
is minified and inverted. ,
The distance from the last surface of an optical system t
the second focal point of that system as a whole is known as
the back focal length, or b.f.1. Similarly, the distance from th;e
vertex of the first surface to the first or object focus is the
front local length, or f.f.1. Consequently, if we let s, — oo, Sp0
approaches f,, which combined with Eq. (5.31) tells us that Si1
— d — f,. Hence from Eq. (5.29)

Al 11 _d-(fith
Sol lsp=0  J1 (d —f3) hd—f)

But this special value of Sp1 18 the £.£.1.:

__hd—f)
ffl = -G 5

In the same way, letting s5,; — o0 in Eq. (5.33), (s, -fi)—>
So1, and since s;, is then the b.f.1., we have

bfl = _pd-f)
d=(fi+f)
To see how this works numerically, let’s find both the b.f 1.

and f.£1. for the thin-lens system in Fig. 5.34a, where h=
—30cm andf; = +20 cm. Then

20[10 — (=30)]
b‘ A== = 7 =
R T 20) ~ *0em

My —0.72

(5.35)

(5.36)
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e f | /2 » Si2

IRE 5.33 Two thin lenses separated by a distance greater than the sum of their focal lengths. Because the
diate image is real, you could start with point P/and treat it as if it were a real object point for L. Thus a
rom P;' through F.» would arrive at P,

milarly f.f.1. = 15 cm. Incidentally, notice that if d = Observe that if d — 0, that is, the lenses are brought into
s ;plane waves enterjng the compound lens from either contact, as in the case of some achromatic doublets,

ffi
L+ h

bfl =1{fl. = (5.37)

~-{0cm

L, L,

(a)

4 (a) A positive and negative thin-lens combination, (b} photo (E.H.)
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The resultant thin lens has an effective focal length, f, such that

(5.38)
This implies that if there are N such lenses in contact,
1 1 1 1
TE—+ =+ 4 (5.39)
f A A N

Many of these conclusions ¢
tively, with a few simple lense

an be verified, at least qualita-
s. Figure 5.31 is easy to dupli-

cate, and the procedure should be self-evident, whereas

5.33 requires a bit more care, First, determine the focal Je
of the two lenses b

ource, keeping it reasonably cén

Without any attempts to block out light entering L, direct]

FIGURE 5.35 Feynman's analysis of the thj
lens via QED. () A number of possible paths
from Sto P. (b) The OPL for light along each:
path. (c) The corresponding probability-ampli
phasors all adding in-phase,

(b)
Xééﬁéiéi[fiidﬁépg

©




you will probably see a blurred image of your hand holding L.

ig.

hs Position the lenses so that the region on the screen corre-
me sponding to Ly is as bright as possible. The scene spread across
its L, (i.e., its'image within the image) will become clear and

of .
me
md .
ed,
tly

erect, as in Fig, 5.33.

QED AND THE LENS

excellent reason for deriving the basic equations of this
apter from Fermat’s Principle is that it keeps us thinking in
rms of optical path lengths, and that naturally leads to the
éynman treatment of Quantum Electrodynamics. Keep in
d that many physicists consider their theories to be nothing
¢ than the conceptual machinery for calculating the results
bservations. And no matter how sophisticated a theory is,
ust be in agreement with even the most “ordinary” obser-
on. Thus to see how the operation of a lens fits into the
D worldview, return to Fig. 4.71 and the mirror for a brief
ew.

‘ight goes from point S to the mirror to point P along a
ndous number of possible routes. Classically, we note
'éz OPLs are different as, therefore, are the traversal
1 QED, each path has an associated probability ampli-
which has a phase angle proportional to the traversal
‘When these are all summed, the most effective contri-
o the overall probability of light arriving at P is seen to
éni the paths immediately adjacent to the one that has
mum OPL.

lens (Fig. 5.35) the situation is very different. We can
proximate things by dividing the device into a man-
number of segments with a possible light path, and
a tiny probability amplitude, corresponding to each
Coyrse, there should be a lot more than 17 paths, so
ach of these as representing a cluster of billions of
ring trajectories—the logic doesn’t change. Each path
tle probability-amplitude phasor associated with it.
he lens was designed specifically to make all the
a plot of OPL (or equivalently the transit times)
tance across the breadth of the lens is a straight line.
ly, a photon takes the same time to traverse any
| the phasors (each assumed to be the same size)
e phase angle. Thus, they all-contribute equally to
od of a photon arriving at P. Putting the phasors
sults in a very large net amplitude, which when
ds a very high probability of light reaching P via
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the lens. In the language of QED, a lens focuses light, by
causing all the constituent probability amplitudes to have the
same phase angle. :

For other points in the plane containing P that are close to
the optical axis, the phase angles will differ proportionately.
The phasors placed tip-to-tail will gradually spiral, and the net
probability amplitude will initially diminish quickly, but not
discontinuously so. Notice that the probability distribution is
not a single infinitesimally narrow spike; the light cannot be
focused to a point. The phasors for off-axis points cannot all at
once add to zero; what happens, happens gradually and con-
tinuously. The resulting circularly symmetric probability dis-
tribution, I(r), is known as the Airy pattern (p. 459).

5.3 Stops

5.3.1 Aperture and Field Stops

The intrinsically finite nature of all lenses demands that they
collect only a fraction of the energy emitted by a point source.
The physical limitation presented by the periphery of a simple
lens therefore determines which rays shall enter the system to
form an image. In that respect, the unobstructed or clear diam-
eter of the lens functions as an aperture into which energy
flows. Any element, be it the rim of a lens or a separate
diaphragm, that determines the amount of light reaching the
image is known as the aperture stop (abbreviated A.S.). The
adjustable leaf diaphragm that is usually located behind the
first few elements of a compound camera lens is just such an
aperture stop. Evidently, it determines the light-gathering
capability of the lens as a whole. As shown in Fig. 5.36, high-
ly oblique rays can still enter a system of this sort. Usually,
however, they are deliberately restricted in order to control the
quality of the image. The element limiting the size or angular
breadth of the object that can be imaged by the system is
called the field stop or F.S.—it determines the field of view of
the instrument. In a camera, the edge of the film itself bounds
the image plane and serves as the field stop. Thus, while (Fig.
5.36) the aperture stop controls the number of rays from an
object point reaching the conjugate image point, it is the field
stop that will or will not obstruct those rays #n toto. Neither the
region above the top nor the region below the bottom of the
object in Fig, 5.36 passes the field stop. Opening the circular
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AS, ' E.S.

FIGURE 5.36 Aperture siop and field stop.”

aperture stop would cause the system to accept a larger energy
cone and in so doing increase the irradiance at each image
point. In contrast, opening the field stop would allow the
regions beyond the extremities of the object, which were pre-
viously blocked, to be imaged.

5.3.2 Entrance and Exit Pupils

Another concept, useful in determining whether or not a given
ray will traverse the entire optical system, is the pupil. This is
simply an image of the aperture stop. The entrance pupil of a
system is the image of the aperture stop as seen from an axi-
al point on the object through those elements preceding the
stop. If there are no lenses between the object and the A.S., the
latter itself serves as the entrance pupil. To illustrate the point,
examine Fig. 5.37, which is a lens with a rear aperture stop.
The image of the aperture stop in L is virtual (see Table 5.3)
and magnified. It can be located by sending a few rays out
from the edges of the A.S. in the usual way. In contrast, the
exit pupil is the image of the A.S. as seen Jrom an axial point
on the image plane through the interposed lenses, if there
are any. In Fig. 5.37 there are no such lenses, so the aperture
stop itself serves as the exit pupil. Notice that all of this just
means that the cone of light actually entering the optical sys-
tem is determined by the entrance pupil, whereas the cone
leaving it is controlled by the exit pupil. No rays from the
source point proceeding outside of either cone will make it to
the image plane.

Entrance
pupil
Exit
pupil e
7
t ./"//’
.C hief ra Enp
4 “‘
v -~
L T~

AS.

FIGURE 5.37 Entrance pupil and exit pupil.

To use a telescope or a monocular as a camera lens, yo
might attach an external front aperture stop to control t
amount of incoming light for exposure purposes. Figure 5.
represents a similar arrangement in which the entrance an
exit pupil locations should be self-evident. The last two d
grams include a ray labeled the chief ray. It is defined to be
any ray from an off-axis object point that passes through the
center of the aperture stop. The chief ray enters the optical
system along a line directed toward the midpoint of th

Exit
pupil

Entrance
pupil

FIGURE 5.38 A front aperture stop.
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entrance pupil, E,,, and leaves the system along a line passing
through the center of the exit pupil, E,,. The chief ray, associ-
“ated with a conical bundle of rays from a point on the object,
_ effectively behaves as the central ray of the bundle and is rep-
“esentative of it. Chief rays are of particular importance when
the aberrations of a lens design are being corrected.
_ Figure 5.39 depicts a somewhat more involved arrange-
ment. The two rays shown are those that are usually traced
through an optical system. One is the chief ray from a point on
he periphery of the object that is to be accommodated by the
stem. The other is called a marginal ray, since it goes from
¢ axial object point to the rim or margin of the entrance pupil
aperture stop).
n a situation where it is not clear which element is the
tual aperture stop, each component of the system must be
aged by the remaining elements to its left. The image that
ends the smallest angle at the axial object point is the
ance pupil. The element whose image is the entrance pupil
en the aperture stop of the system for that object point.
lem 5.38 deals with just this kind of calculation.

Exit

pupil
Entrance

pupil
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Notice how the cone of rays, in Fig. 5.40, that can reach the
image plane becomes narrower as the object point moves off-
axis. The effective aperture stop, which for the axial bundle of
rays was the rim of Ly, has been markedly reduced for the off-
axis bundle. The result is a gradual fading out of the image at
points near its periphery, a process known as vignetting.

The locations and sizes of the pupils of an optical system
are of considerable practical importance. In visual instru-
ments, the observer’s eye is positioned at the center of the exit
pupil. The pupil of the eye itself will vary from 2 mm to about
8 mm, depending on the general illumination level. Thus a
telescope or binocular designed primarily for evening use
might have an exit pupil of at least 8 mm. (You may have
heard the term night glasses—they were quite popular on
roofs during the Second World War.) In contrast, a daylight
version will suffice with an exit pupil of 3 or 4 mm. The larg-
er the exit pupil, the easier it is to align your eye properly with
the instrument. Obviously, a telescopic sight for a high-pow-
ered rifle should have a large exit pupil located far enough
behind the scope so as to avoid injury from recoil.

FIGURE 5.39 Pupils and stops for a
three-lens system.




FIGURE 5.40.
Vignetting.
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Effective |
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5.3.3 Relative Aperture and f-Number

Suppose we collect the light from an extended source and
form an image of it using a lens (or mirror). The amount of
energy gathered by the lens (or mirror) from some small
region of a distant source will be directly proportional to the
area of the lens or, more generally, to the area of the entrance
pupil. A large clear aperture will intersect a large cone of
rays. Obviously, if the source were a laser with a Very narrow
beam, this would not necessarily be true. If we neglect losses
due to reflection, absorption, and so forth, the incoming ener-
gy will be spread across a corresponding region of the image
(Fig. 5.41). The energy per unit area per unit time (i.e., the flux
density or irradiance) will be inversely proportional to the
image area.

The entrance pupil area, if circular, varies as the square of
its radius and is therefore proportional to the square of its

Shutter

diameter D. Furthermore, the image area will vary as
square of its lateral dimension, which in turn [Egs. (5.24) an
(5.26)] is proportional to f2. (Keep in mind that we are talking
about an extended object rather than a point source. In the la
ter case, the image would be confined to a very small ar
independent of f.) Thus the flux density at the image plan
varies as (D/f)?. The ratio D/fis known as the relative ape
ture, and its inverse is the focal ratio or Jf-number, often wri
ten f/#, that is, ‘
_
o#=L
where f/# should be understood as a single symbol. For.
example, a lens with a 25-mm aperture and a 50-mm focal
length has an f-number of 2, which is usually designated f/2.
Figure 5.42 illustrates the point by showing a thin lens behind
a variable iris diaphragm operating at either f/2orf/4. A

FIGURE 5.41 A large-format camera usually consists of a lens, fol
lowed by an adjustable diaphragm, a shutter that can rapidly open
and close, and a sheet of film on which the image is formed.
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FIGURE 5.42 (a) Stopping down a lens to change the fnumber.
(b) A camera lens showing possible seftings of the variable
diaphragm usually located within the lens.

-number clearly permits more light to reach the
lane.

Jlenses are usually specified by their focal lengths
possible apertures; for example, you might see “50
> on the barrel of a lens. Since the photographic
}me is proportional to the square of the f-number,
ometimes spoken of as the speed of the lens. An
$ is said to be twice as fast as an f/2 lens. Usually,
gms have f-number markings of 1, 1.4, 2, 2.8, 4,
22, and so on. The largest relative aperture in
rresponds to f/1, and that’s a fast lens—yf/2 is
Each consecutive diaphragm setting increases
by a multiplicative factor of V2 (numerically
his corresponds to a decrease in relative aper-
tiplicative factor of 1/ V2 and therefore a
ux density by one half. Thus, the same amount
each the film whether the camera is set for f/1.4

“asecond, f/2 at 1/250th of a second, or f/2.8 at
second.

The largest refracting telescope in the world, located at the
Yerkes Observatory of the University of Chicago, has a 40-
inch diameter lens with a focal length of 63 feet and therefore
an f~number of 18.9. The entrance pupil and focal length of a
mirror will, in exactly the same way, determine its f-number.
Accordingly, the 200-inch diameter mirror of the Mount Palo-
mar telescope, with a prime focal length of 666 inches, has an
Jf-number of 3.33.

5.4 MiRrRORS

Mirror systems are increasingly being used, particularly in the
X-ray, ultraviolet, and infrared regions of the spectrum.
Although it is relatively simple to construct a reflecting device
that will perform satisfactorily across a broad-frequency band,
the same cannot be said of refracting systems. For example, a
silicon or germanium lens designed for the infrared will be
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completely opaque in the visible (Fig. 3.40). As we will see
later (p. 260), mirrors have other attributes that also contribute
to their usefulness.

A mirror might simply be a piece of black glass or a finely
polished metal surface. In the past mirrors were usually made
by coating glass with silver, which was chosen because of its
high efficiency in the UV and IR (see Fig. 4.62). Vacuum-
evaporated coatings of aluminum on highly polished sub-
strates have become the accepted standard for quality mirrors,
Protective coatings of silicon monoxide or magnesium fluo-
ride are often layered over the aluminum as well. In special
applications (e.g., in lasers), where even the small losses due
to metal surfaces cannot be tolerated, mirrors formed of multi-
layered dielectric films (see Section 9.9) are indispensable.

A new generation of lightweight precision mirrors contin-
ues to be developed for use in large-scale orbiting telescopes;
the technology is by no means static.

5.4.1 Planar Mirrors

As with all mirror configurations, those that are planar can be
either front- or back-surfaced. The latter type are most com-
monly found in everyday use because it allows the metallic
reflecting layer to be completely protected behind glass. In
contrast, the majority of mirrors designed for more critical
technical usage are front-surfaced (Fig. 5.43).

From Section 4.3.1, it’s an easy matter to determine the
image characteristics of a planar mirror. Examining the point
source and mirror arrangement of Fig. 5.43, we can quickly
show that [s,| = |s,; that is, the image P and object S are
equidistant from the surface. To wit, 6; = 6,, from the Law of
Reflection; 6; + 6, is the exterior angle of triangle SPA and is
therefore equal to' the sum of the alternate interior angles,
X VSA + X VPA. But XVSA = 6, and therefore X VSA =
4 VPA. This makes triangles VAS and VPA congruent, in
which case [s,| = |s,.

We are now faced with the problem of determining a sign
convention for mirrors. Whatever we choose, and you should
" certainly realize that there is a choice, we need only be faithful
unto it for all to be well. One obvious dilemma with respect to
the convention for lenses is that now the virtual image is to the
right of the interface. The observer sees P to be positioned
behind the mirror, because the eye (or camera) cannot per-

FIGURE 5.43 A planar mirror. (a) Reflection of waves.
(b) Reflection of rays. '

ceive the actual reflection; it merely interpolates the rays back-
ward along straight lines. The rays from P in Fig. 5.43 are
diverging, and no light can be cast on a screen located at P—
the image is certainly virtual. Clearly, it is a matter of taste
whether s; should be defined as positive or negative in this
instance. Since we rather like the idea of virtual object and




istances being negative, we define s, and s; as nega-
en they lie to the right of the vertex V. This will have
dded benefit of yielding a mirror formula identical to the
an Lens Equation [Eq. (5.17)]. Evidently, the same def-

the transverse magnification [Eq. (5.24)] holds,
ow, as before, My = +1 indicates a life-size, virtual,

e

oint of the extended object in Fig. 5.44, a perpen-
istance s; from the mirror, is imaged that same dis-
ind the mirror. In this way, the entire image is built
y point. This is considerably different from the way
ifes an image. The object in Fig. 5.30 was a left
¢ image formed by the lens was also a left hand.
it might have been distorted (M, # M), butit was
and. The only evident change was a 180° rotation
tical axis—an effect known as reversion. Con-
mirror image of the left hand, determined by drop-
diculars from each point, is a right hand (Fig.

n image is sometimes said to be perverted. In
lthe more usual lay connotation of the word, its
18 happily waning. The process that converts a
ed coordinate system in the object space into a left-
€ In the image space is known as inversion. Sys-

5.4 Mirrors 179

RE 5.44 (o) The image of an extended object in a planar mirror. (b) Images in a planar mirror.

FIGURE 5.45 Mirror images—inversion,
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tems with more than one planar mirror can be used to prod
either an odd or even number of inversions. In the Iatt
aright-handed (r-h) object will generate a right-hande
(Fig. 5.46), whereas in the former instance, the imag
left-handed (I-h). :
A number of practical devices utilize rotating planar
systems—for example, choppers, beam deflectors, an

rotators. Mirrors are frequently used to amplify and m
the slight rotations of certain laboratory apparatus
vanometers, torsion pendulums, current balances, etc,)
Fig. 5.47 shows, if the mirror rotates through an angle o,
reflected beam or image will move through an angle of

5.4.2 Aspherical Mirrors

Curved mirrors that form images very much like those of len
es or curved refracting surfaces have been known since {

r-h

FIGURE 5.46 Inversions via reflection.




ncient Greeks. Euclid, who is presumed to have
book entitled Catoptrics, discusses in it both con-
nvex mirrors.* Fortunately, the conceptual basis
g such mirrors was developed earlier when we
t’s Principle as applied to imagery in refracting
rdingly, let’s determine the configuration a mir-
if an incident plane wave is to be reformed upon
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reflection into a converging spherical wave (Fig. 5.48).
Because the plane wave is ultimately to converge on point F,
the optical path lengths for all rays must be equal; according-
ly, for arbitrary points A; and A,

OPL =WiA; + A\F = Wol, + A)F  (5.41)

Since the plane 3, is parallel to the incident wavefronts,

W1A1 + AIDI - W2A2 + A2D2 (542)

Equation (5.41) will therefore be satisfied for a surface for
which A,F = AD; and A,F = A,D, or, more generally, one
for which AF = AD for any point A on the mirror. In general,
AF = e(AD), where e is the eccentricity of a conic section.
Earlier (Section 5.2.1) the figure studied was a hyperbola for
which e = n,; > 1. In Problem 5.3 the figure is an ellipse and
e = n; < 1. Here the second medium is identical to the first, n,
= n;, and e = n,; = 1; in other words, the surface is a parabo-
loid with F as its focus and 3, as its directrix. The rays could
equally well be reversed (i.e., a point source at the focus of a
paraboloid would result in the emission of plane waves from
the system). Paraboloidals are used in a great variety of appli-
cations from flashlight and automobile headlight reflectors to
giant radiotelescope antennas (Fig. 5.49), from microwave
horns and acoustical dishes to optical telescope mirrors and
Moon-based communications antennas, The convex parabo-
loidal mirror is also possible but is far less widely in use.
Applying what we already know, it should be evident from
Fig. 5.50 that an incident parallel bundle of rays will form a
virtual image at F when the mirror is convex and a real image
when it’s concave.

There are other aspherical mirrors of interest, namely, the
ellipsoid (e < 1) and hyperboloid (e > 1). Both produce per-
fect imagery between a pair of conjugate axial points corre-
sponding to their two foci (Fig. 5.51). As we’ll see presently,

*Dioptrics denotes the optics of refracting elements, whereas catoptrics
denofes the optics of reflecting surfaces.
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FIGURE 5.48 A paraboloidal mirror.

FIGURE 5.49 A classic paraboloidal radio antenna. (Photo cour-
tesy of the Australian News and Information Bureau.)

Er

the Cassegrain and Gregorian telescope configurations util
convex secondary mirrors that are hyperboloidal and elli
soidal, respectively. Like many new instruments, the prim
ry mirror of the Hubble Space Telescope is hyperboloi
(Fig. 5.52). '

A variety of aspherical mirrors are readily available com
mercially. In fact, one can purchase off-axis elements, in add
tion to the more common centered systems. Thus in Fig. 5.5
the focused beam can be further processed without obstructin
the mirror, Incidentally, this geometry also obtains in large
microwave horn antennas.

FIGURE 5.50 Real and virtual images for a paraboloidai mirror.
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(d) Concave elliptical

- . - , FIGURE 5.52 The 2.4-m-diameter hyperboloidal primary mirror of
GURE 5.51 Hyperbolic and elliptical mirrors. the Hubble Space Telescope. (Courtesy of NASA)

pherical Mirrors

aspheric surfaces are considerably more difficult to
are spherical ones, and, not surprisingly, they’re
y more expensive. Accordingly, we again turn to
erical configuration to determine the circumstances

Y+ &—-R*=R - (5.43)

ntél‘ Cis shifted from the origin O by one radius ~ FIGURE 5.53 An off-axis parabolic mirror element,
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FIGURE 5.54 Comparison of spherical and paraboloidal mirrors.

R. After writing this as
Y= 2Rx+ =0
we can solve for x:

X=R* (R~ yH/? (5.44)
Let’s just concern ourselves with values of x less than R; that
is, we’ll study a hemisphere, open on the right, corresponding
to the minus sign in Eq. (5.44). After expansion in a binomial
series, x takes the form

y2 1y4 1. 3y6

=24 + + o
TR T o

(5.45)

This expression becomes quite meaningful as soon as we real-
ize that the standard equation for a parabola with its vertex at
the origin and its focus a distance fto the right (Fig. 5.54b) is
simply

y* = 4fx (5.46)
By comparing these two formulas, we see that if 4f=2R (i.e.,
if f = R/2), the first contribution in the series can be thought
of as parabolic, and the remaining terms represent the devia-
tion. If that deviation is Ax, then

4 6
=_y? > st
8R 16R

(b) (©)

Evidently, this difference will be appreciable only whe
relatively large (Fig. 5.54¢) in comparison to R. In the p
al region, that is, in the immediate vicinity of the central
these two configurations will be essentially indistinguisha
If we stay within the paraxial theory of spherical mirrors
first approximation, the conclusions drawn from our stud
the stigmatic imagery of paraboloids are again applicable
actual use, however, y will not be so limited, and aberratior
will appear. Moreover, aspherical surfaces produce perfer
images only for pairs of axial points—they too will suffe
aberrations. ’

THE MiIRROR ForRMuULA

The paraxial equation that relates conjugate object and imag
points to the physical parameters of a spherical mirror can b
derived with the help of Fig. 5.55. To that end, observe tha
since 6; = 6,, the X.SAP is bisected by CA, which therefor
divides the side SP of triangle SAP into segments proportion
al to the remaining two sides; that is,

x_cr (5.47)
SA  PA

Furthermore,

SC=5,~|Rl and CP =R~



d s; are on the left and therefore positive. Using the
onvention as we did with refraction, R will be neg-
se Cis to the left of V (i.e., the surface is concave).

ial region SA =~ 5,, PA ~ 5;, and Eq. (5.47)

S + R
So S
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or (5.48)

which is the Mirror Formula. It’s equally applicable to con-
cave (R < 0) and convex (R > 0) mirrors. The primary or
object focus is again defined by

lim s, =f,
§;—>0

and the secondary or image focus corresponds to

lim s;=f;
So—9%0

Consequently, from Eq. (5.48)

1
0.0}

to wit,
(5.49)

as can be seen in Fig. 5.54¢. Dropping the subscripts on the
focal lengths yields

(5.50)

Observe that f will be positive for concave mirrors (R < 0)
and negative for convex mirrors (R > 0). In the latter instance,
the image is formed behind the mirror and is virtual (Figs. 5.56
and 5.57).

FiniTe IMAGERY

The remaining mirror properties are so similar to those of lens-
es and spherical refracting surfaces that we need only mention
them briefly, without repeating the entire logical development
of each item. Within the restrictions of paraxial theory, any
parallel off-axis bundle of rays will be focused to a point on
the focal plane passing through F normal to the optical axis.
Likewise, a finite planar object perpendicular to the optical
axis will be imaged (to a first approximation) in a plane simi-
larly oriented; each object point will have a corresponding




FIGURE 5.56 Focusing of rays via a spherical mirror, (E.H.)

If a spherical mirror is used in a restricted fashion, th
reflected waves arising from each object point will closel
approximate spherical waves. Under such circumstances goo
finite images of extended objects can be formed.

Just as each image point produced by a thin lens lies along
a straight line through the optical center O, each image poin
for a spherical mirror will lie on a ray passing through both the
center of curvature C and the object point (Fig. 5.58). As with
the thin lens (Fig. 5.24), the process for graphically locating
the image is straightforward (Fig. 5.59). The top of the image
is fixed at the intersection of two rays, one initially parallel to
the axis and passing through F after reflection, and the other
going straight through C (Fig. 5.60). The ray from any off-axis
object point to the vertex forms equal angles with the central
axis on reflection and is therefore particularly convenient to
construct. So too is the ray that first passes through the focus

FIGURE 5.57 A convex spherical mirror forming a virtual, right- ) X
side-up, minified image. See if you can locate the image of the author. and after reflection emerges parallel to the axis.




58 Four easy rays to draw. Ray 1 heads toward C and
ck along itself. Ray 2 comes in parallel to the central axis
fs toward (or away from) F. Ray 3 passes through (or heads
nd reflects off parallel o the axis. Ray 4 strikes point ¥ and
ch that 6; = 8,

otice that triangles S18,V and PP,V in Fig. 5.59g are
d-herice their sides are proportional. Taking y; to be
 we did before, since it’s below the axis, y;/y, =
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Reflection from a concave mirror. (b) Reflection from o convex mirror.

FIGURE 5.59 Finite imagery with spherical mirrors.

—8:/50, which is equal to My. This is the transverse magnifi-
cation, just as it was for the lens [Eq. (5.25)].
The only equation that contains information about the

©)
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+ —
S, Left of V, real object Right of V, virtual object
§; ‘ Left of V, real image Right of V, virtual image
f Concave mirror Convex mirror
R Cright of V, convex C left of V, concave
Yo Above axis, erect object  Below axis, inverted object
¥i Above axis, erect image  Below axis, inverted image

structure of the optical element (n, R, etc.) is that for J: and so,
understandably, it differs for the thin lens [Eq. (5.16)] and
spherical mirror [Eq. (5.49)]. The other functional expres-
sions that relate s,, sy, and for y,, y;, and My are, however,
precisely the same. The only alteration in the previous sign
convention appears in Table 5 4, where s; on the left of Vis
now taken as positive. The striking similarity between the
properties of a concave mirror and a convex lens on one hand
and a convex mirror and a concave lens on the other are quite
evident from a comparison of Tables 5.3 and 5 .5, which are
identical in all respects.

Table 5.5 Images of Real Objects Formed by
Spherical Mirrors

Location Type Location Orientation Relative Size
®>5,>2f | Real f< $; <2f  Inverted Minified
So =2f Real 5 =2f Inverted Same size
f<s5,<2f | Real > $; > 2f  Inverted Magnified
So=f *oo
So < f Virtual || > s, Erect Magnified
Convex

Object Image
Location Type Location Orientation Relative Size
Anywhere Virtal s,/ <|f],  Brect Minified

Sp > fs;f

The properties summarized in Table 5.5 and dep
Fig. 5.61 can easily be verified empirically. If you d
a spherical mirror at hand, a fairly crude but functiona]
be made by carefully shaping aluminum foil over as
form, such as the end of a lightbulb (in that particular
and therefore f'will be small). A rather nice qualitati

FIGURE 5.61
spherical mirror.

The image-forming behavior of o concave



iment involves examining the image of some small object
formed by a short focal-length concave mirror. As you move it
toward the mirror from beyond a distance of 2f = R, the image
will gradually increase, until at s, = 2fit will appear inverted
and life-size. Bringing it closer will cause the image to
ncrease even more, until it fills the entire mirror with an
unrecognizable blur, As s, becomes smaller, the now erect,
magnified image will continue to decrease until the object
nally rests on the mirror, where the image is again life-size.
you are not moved by all of this o jump up and make a mir-
r, you might try examining the image formed by a shiny
oon—either side will be interesting.

din

5 PRrisMms

ms play many different roles in Optics; there are prism
ations that serve as beamsplitters (p. 000), polarizing
 (see Section 8.4.3), and interferometers. Despite this
ity, the vast majority of applications make use of only
f tw o main prism functions. First, a prism can serve as a
sive device, as it does in a variety of spectrum analyzers
1)./As such it is capable of separating, to some extent,
stituent frequency components in a polychromatic light
call that the term dispersion was introduced earlier
connection with the frequency dependence of the
efraction, n(w), for dielectrics. In fact, the prism pro-
ighly-useful means of measuring n(w) over a wide
frequencies and for a variety of materials (including

. nd more common function is to effect a change
tion of an image or in the direction of propaga-

persing Prisms

many sizes and shapes and perform a variety
g. 5.62). Let’s first consider the group known
prisms. Typically, a ray entering a dispersing
g.5.63, will emerge having been deflected from
ection by an angle 8 known as the angular devi-
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FIGURE 5.62 Prisms. (Photo courtesy Melles Griot.)

FIGURE 5.63 Geometry of a dispersing prism.




